Abstract The Lambda-Renormalized Einstein-Schrodinger theory is a modification of the original Einstein-Schrodinger theory in which a cosmological constant term is added to the Lagrangian, and this theory has been shown to closely approximate Einstein-Maxwell theory. Here we generalize this theory to non-Abelian fields by allowing the fields to be composed of 2x2 Hermitian matrices, and we consider the case where the symmetric part of the fields are multiples of the identity matrix. The resulting theory incorporates the U(1) and SU(2) gauge terms of the Weinberg-Salam Lagrangian, and when the rest of the Weinberg-Salam Lagrangian is included, we get a close approximation to Einstein-Weinberg-Salam theory. In particular, the field equations match those of Einstein-Weinberg-Salam theory except for additional terms which are < 10 −13 of the usual terms for worst-case field strengths and rates of change accessible to measurement. The Lagrangian density is invariant under U(1) and SU(2) gauge transformations.
Introduction
The Einstein-Schrödinger theory is a generalization of vacuum general relativity which allows non-symmetric fields. The theory without a cosmological constant was first proposed by Einstein and Straus [1, 2, 3, 4, 5] . Schrödinger later showed that if a cosmological constant was included, the theory could be derived from a very simple Lagrangian density [6, 7, 8] , namely the square-root of the determinant of the Ricci tensor composed of only a connection. Einstein and Schrödinger suspected that the theory might include electrodynamics, but no Lorentz force was found [9, 10] when using the Einstein-Infeld-Hoffmann (EIH) method [11, 12] .
In a previous paper [13] we presented a simple modification of the EinsteinSchrödinger theory which closely approximates Einstein-Maxwell theory. The Lorentz force definitely results from the EIH method, and in fact the ordinary Lorentz force equation results when sources are included. The field equations match the ordinary Einstein and Maxwell equations except for extra terms which are < 10 −16 of the usual terms for worst-case field strengths and ratesof-change accessible to measurement. There is an exact electric monopole solution which matches the Reissner-Nordström solution except for additional terms which are < 10 −65 of the usual terms for worst-case radii accessible to measurement. And there is an exact electromagnetic plane-wave solution which is identical to its counterpart in Einstein-Maxwell theory. The modification of the original Einstein-Schrödinger theory is the addition of a second cosmological term Λ z g µν , where g µν is the symmetric metric. We assume this term is nearly canceled by Schrödinger's "bare" cosmological term Λ b N µν , where N µν is the nonsymmetric fundamental tensor. The total "physical" cosmological constant Λ = Λ b + Λ z can then match cosmological measurements of the accelerating universe, hence the name "Lambda-renormalized Einstein-Schrödinger theory". One possible origin of our Λ z is from a zeroth-order quantization effect caused by zero-point fluctuations [14, 15, 16, 17] , although we just take Λ z as given without regard to its origin. The theory in [13] is related to one in [18] , but it is roughly the electromagnetic dual of that theory, and it allows coupling to additional fields (sources), and it allows Λ = 0.
In this paper we generalize the theory in [13] to non-Abelian fields. The resulting theory incorporates the U(1) ⊗ SU(2) gauge term of the WeinbergSalam Lagrangian, and when the rest of the Weinberg-Salam Lagrangian is included in a matter term, we get a close approximation to ordinary EinsteinWeinberg-Salam theory. Like Einstein-Weinberg-Salam theory, our theory can be coupled to additional fields using a symmetric metric g µν and Hermitian vector potential A µ , and it is invariant under U(1) and SU(2) gauge transformations. The theory does not enlarge the invariance group. When coupled to the Standard Model, the combined Lagrangian is invariant under the usual U(1) ⊗ SU(2) ⊗ SU(3) gauge group. The usual U(1) ⊗ SU(2) gauge term tr(F µν F µν ) is incorporated together with the geometry, and is not explicitly in the Lagrangian. This is done similar to the way it is done in [19, 20] with Bonnor's theory [21] . Whether the SU(3) gauge term of the Standard model could also be incorporated with a larger gauge group, or by using higher space-time dimensions, is beyond the scope of this paper. This paper is organized as follows. In §2 we discuss the Lagrangian density. In §3 we show that the Lagrangian density is real and invariant under U(1) and SU(2) gauge transformtations. In §4 we derive the field equations. In §5 we quantify how closely our field equations approximate the field equations of Einstein-Weinberg-Salam theory, and discuss some possible differences in the two theories.
The Lagrangian density
Einstein-Weinberg-Salam theory can be derived from a Palatini Lagrangian density,
where the electro-weak field tensor is defined as
The Hermitian vector potential A σ can be decomposed into a real U(1) gauge vector A σ , and the three real SU(2) gauge vectors
where the σ i are the Pauli spin matrices,
The L m term couples the metric g µν and vector potential A µ to a spin-1/2 wavefunction ψ, scalar function φ, and perhaps the additional fields of the Standard Model. Here and throughout this paper we use geometrized units with c = G = 1, the symbols ( ) F νµ ), and because we are using σ i instead of the usual τ i = σ i /2.
The original Einstein-Schrödinger theory allows a nonsymmetric N µν and Γ λ ρτ in place of the symmetric g µν and Γ λ ρτ , and excludes the tr(F ρα g αµ g ρν F νµ ) term. Our "non-Abelian Λ-renormalized Einstein-Schrödinger theory" introduces an additional cosmological term g 1/2d Λ z as in [13] , and also allows Γ and N νµ to have d× d matrix components,
where Λ b ≈ −Λ z so that the total Λ matches astronomical measurements [22] 
and the vector potential is defined to be
The L m term is not to include a tr(F ρα g αµ g ρν F νµ ) term but may contain the rest of the Weinberg-Salam theory. Matrix indices are assumed to have size d = 2, and tensor indices are assumed to have dimension n=4, but we will retain "d" and "n" in the equations to show how easily the theory can be generalized. The non-Abelian Ricci tensor iŝ
(n−1) .
For Abelian fields the third and fourth terms are the same, and this tensor reduces to the Abelian version in [13] . This tensor reduces to the ordinary Ricci tensor for Γ 
Note that (10) defines
2/(n−2) . The "physical" metric is denoted with a different symbol g µν , and in this paper we will just be assuming the special case g µν = Ig µν . The symmetric metric is used for measuring space-time intervals, covariant derivatives, and for raising and lowering indices. If we did not assume g µν = Ig µν , we would need to choose between several metric definitions which all reduce to the definition in [13] for Abelian fields,
and we would also need to choose between
in the Lagrangian density (6) . These definitions are all the same with the assumption g µν = Ig µν , so we will not choose between them here. The determinants g = det(g νµ ) and N = det(N νµ ) are defined as usual but where N νµ and g νµ are taken to be nd × nd matrices. The inverse of N νµ is defined to be are used in (6) instead of √ −N and √ −g to make the Lagrangian density a scalar density of weight 1 as required. Note that with an even d, we do not want the factor of −1.
For our theory the electro-weak field tensor f νµ is defined by
Then from (10), g µν and f
are parts of a total field,
We will see that the field equations require
A µ ] to a very high precision. From (2,7) we see that this agrees with EinsteinWeinberg-Salam theory when
where l P = Gh/c 3 = 1.616×10
−33
cm, α = e 2 /hc = 1/137 and sin 2 θ w = .2397.
It is helpful to decompose Γ ρ νµ into a new connectionΓ α νµ , and A ν from (8),
By contracting (17) on the right and left we see thatΓ α νµ has the symmetrỹ
so it has only n 3 −n independent components. Substituting the decomposition (16) into (9) gives from (82),
Using (19) , the Lagrangian density (6) can be rewritten in terms ofΓ α νµ and A σ from (17, 8) ,
HereR νµ = R νµ (Γ ), and from (18) our non-Abelian Ricci tensor (9) reduces tõ
From ( 
Invariance properties of the Lagrangian density
Here we show that the Lagrangian density is real (invariant under complex conjugation), and is also invariant under U(1) and SU (2) and N * νiµk = N µkνi , where i, k are matrix indices. Using matrix notation these symmetries become
where "T" indicates matrix transpose (not transpose over tensor indices). We will assume this Hermitian case because it results from Λ z < 0, Λ b > 0 as in (15) . From (22, 10, 13, 8) the physical fields are all composed of d×d Hermitian matrices,
Hermitian f νµ and A ν are just what we need to approximate Einstein-WeinbergSalam theory. And of course g νµ and g νµ will be Hermitian if we assume the special case where they are multiples of the identity matrix. Writing the symmetries as N * νiµk = N µkνi , g * νiµk = g νkµi = g µkνi , and using the result that the determinant of a Hermitian matrix is real, we see that the nd× nd matrix determinants are real
Also, using (22) and the identity M
T we can deduce a remarkable property of our non-Abelian Ricci tensor (9) , which is that it has the same nd×nd Hermitian symmetry as Γ α νµ and N νµ ,
From the properties (25,22,24) and the identities tr(
we see that our Lagrangian density (6) or (20) is real. With an SU(2) gauge transformation we assume a transformation matrix U that is special (det(U ) = 1) and unitary (U † U = I). Taking into account (3, 8, 16) , we assume that under an SU(2) gauge transformation the fields transform as follows,
Under a U(1) gauge transformation all of the fields are unchanged except
Writing the SU(2) gauge transformation (33) as
and using the identity det(
, we see that the nd× nd matrix determinants are invariant under an SU(2) gauge transformation,
Another remarkable property of our non-Abelian Ricci tensor (9) is that it transforms the same as N νµ under an SU(2) gauge transformation (29), as in (77),
The results (40,41) actually apply for a general matrix U , and do not require that det(U ) = 1 or U † U = I. Using the special case U = Ie −iϕ in (41) we see that our non-Abelian Ricci tensor (9) is also invariant under a U(1) gauge transformation,
From (41,33,40,42) and the identity tr(M 1 M 2 ) = tr(M 2 M 1 ) we see that our Lagrangian density (6) or (20) is invariant under both U(1) and SU(2) gauge transformations, thus satisfying an important requirement to approximate Einstein-Weinberg-Salam theory. One of the motivations for this theory is that the Λ z = 0, L m = 0 version can be derived from a purely affine Lagrangian density as well as a Palatini Lagrangian density, the same as with the Abelian theory [6] . The purely affine Lagrangian density is
where N νµ is simply defined to be
Considering that N ⊣µν = (1/N )∂N/∂N νµ , we see that setting δL/δ Γ α ρτ = 0 gives the same result obtained from (6) 
The field equations
Let us calculate the field equations for the following special case,
In this case A ν and N 1/2d N ⊣ [νµ] are the only independent variables in (20) which are not just multiples of the identity matrix I. This assumption is both coordinate independent and gauge independent, considering (32,34). We assume this special case because it gives us Einstein-Weinberg-Salam theory, and because it greatly simplifies the theory. With the assumption (46) we also havẽ R νµ = tr(R νµ )I/d, and the term ([A α ,Γ
√ −2Λ b vanishes in the Lagrangian density (20) . And as mentioned initially, with the assumption (46) several metric definitions such as (11) are the same, so we need not choose one or the other. It would be interesting to investigate the more general theory described by the Lagrangian density (6, 20) without the restriction (46). However, it is important to emphasize that any solution of the restricted theory will also be a solution of any of the more general theories which use one of the metric definitions (11) .
Setting δL/δA τ = 0 and using the definition (13) of f νµ gives the ordinary Weinberg-Salam equivalent of Ampere's law,
where the source current j τ is defined by
Setting δL/δΓ β τ ρ = 0 using a Lagrange multiplier term tr[Ω ρΓ α
[αρ] ] to enforce the symmetry (18) , and using the result tr[(g 3, 5) gives the connection equations,
gives our equivalent of the Einstein equations,
where S νµ is defined by
Setting δL/δ(
Note that the antisymmetric field equations (52) because (46) means that for a given set of tensor indices, all of the diagonal matrix components are really the same variable.
To put (47-52) into a form which looks more like the ordinary EinsteinWeinberg-Salam field equations we need to do some preliminary calculations.
The definitions (10,13) of g νµ and f νµ can be inverted to give N νµ in terms of g νµ and f νµ . An expansion in powers of Λ −1 b is derived in Appendix B,
Here ( Therefore the solution of the connection equations from [13] can again be abbreviated as
where Γ α νµ is the Christoffel connection,
Substituting (55) using (73) shows that as in [13] , the Hermitianized Ricci tensor (21) can again be abbreviated as
where . Combining (53,57,7) with the symmetric field equations (50) and their contraction gives
where the Einstein tensor and energy-momentum tensor are
Here (f
b . This shows that the Einstein equations (58) match those of Einstein-Weinberg-Salam theory except for extra terms which will be very small relative to the leading order terms because of the large value Λ b ∼ 10 63 cm −2 from (15). Combining (54,57) with the antisymmetric field equations (52) gives . From (15) we see that the f νµ in Ampere's law (47) matches the electro-weak tensor (2) except for extra terms which will be very small relative to the leading order terms because of the large value Λ b ∼ 10 63 cm −2 from (15).
Comparison to Einstein-Weinberg-Salam theory
Let us do a quantitative comparison of our theory to Einstein-Weinberg-Salam theory. To do this we will consider the magnitude of the extra terms in the Einstein equations and Ampere's law for worst-case field strengths and ratesof-change accessible to measurement, and compare these to the ordinary terms.
In particular we will evaluate the extra terms in the Einstein equations (58) like f , and compare these to f µν which appears in Ampere's law (47). We assume that the worst-case field strengths accessible to measurement will be purely electromagnetic fields. In geometrized units an elementary charge has e = 1.38 ×10 −34 cm. If we assume that charged particles retain f 1 0 ∼ e/r 2 down to the smallest radii probed by high energy particle physics experiments (10 −17 cm) we have from (15), 
The fields at 10 −17 cm from an elementary charge would be larger than near any macroscopic charged object. Here f 1 0 is assumed to be in some standard spherical or cartesian coordinate system. If an equation has a tensor term which can be neglected in one coordinate system, it can be neglected in any coordinate system, so it is only necessary to prove it in one coordinate system. So for electric monopole fields, the extra terms in the Einstein equations (58) must be < 10 −29 of the ordinary electro-weak term. Similarly the extra terms in the electro-weak field tensor (60) must be < 10 −29 of f νµ . Also, for the highest energy electromagnetic waves known in nature (10 20 eV, 10 34 Hz) we have from (15),
So for electromagnetic waves, the extra terms in the Einstein equations (58) must be < 10 −13 of the ordinary electro-weak term. Similarly the extra terms in the electro-weak field tensor (60) must be < 10 −13 of f µν which appears in Ampere's law (47).
From this analysis we see that these extra terms in the field equations (58,60,47) are far below the level that could be detected by experiment for worst-case field strengths and rates of change accessible to measurement. At least we have made great efforts to find an experiment in which these extra terms would be evident, and we have been unable to find such an experiment. As shown in [13] , the ordinary Lorentz force equation can be derived from the divergence of the Einstein equations for the purely electromagnetic case of this theory. In [13] we also presented an exact electromagnetic plane-wave solution which is identical to its counterpart in Einstein-Maxwell theory. And in [13] we presented an exact electric monopole solution which matches the Reissner-Nordström solution except for additional terms which are < 10 −65 of the usual terms for worst-case radii accessible to measurement.
One aspect of this theory which might differ from Einstein-Weinberg-Salam theory is discussed in detail at the end of section 5 of [13] for the purely electromagnetic case, although it is unclear whether it is really a difference or not. To see what this is we take the curl of (60), in which case the 2A [µ,ν] term falls out, and from the f νµ and (f
b terms we get [13] ,
This is similar to the Proca equation with the field θ τ = ǫ τ νµα f [νµ,α] /4. It suggests that the theory may allow θ τ Proca waves with mass from (66,15) of
Using a Newman-Penrose 1/r expansion of the field equations we have shown that θ τ ≈ ǫ τ sin(kr−ωt)/r solutions do not exist in the theory, but it is still possible that wave-packet solutions could exist. If θ τ waves do occur, a calculation in [13] also suggests that they might have negative energy, although this calculation is really based on the assumption that θ τ ≈ ǫ τ sin(kr−ωt)/r solutions exist, and some questionable assumptions about terms being negligible.
Finally, let us speculate a bit concerning the θ τ field. If wave-packet θ τ solutions do exist, and if they do have negative energy, there is still a possible interpretation of the θ τ field as a built-in Pauli-Villars field, with a cutoff mass (67) which is close to M P lanck = 1.22 × 10 28 eV commonly assumed for this purpose. Now, if Λ z in (6, 20) was caused by zero-point fluctuations we would usually expect [14, 15, 16, 17] 
where ω c is a cutoff frequency and l P = (Planck length). Assuming that the two cutoff frequencies are equal, ω c = ω P roca , and combining (15, 7, 68, 67) gives
where α = 1/137.036 and sin 2 θ w = .2397 ± .0013. The result (69) should really be adjusted to take into account that the weak coupling constant √ α/sinθ w "runs", meaning that it depends logarithmically on the cutoff frequency. In any case (69) says that the constant 4πsin 2 θ w /α or its "bare" value at the cutoff frequency should be an integer. Currently the weak mixing angle θ w cannot be measured accurately enough to determine whether we are seeing an integer, but this might change in the near future. Note that the predicted difference of fermion and boson spin states in (69) is greater than for the WeinbergSalam theory, or even the Standard Model for which this difference is about 60. However, this theory works for arbitrary matrix size "d", corresponding to U(1) ⊗ SU(d) gauge invariance instead of the U(1) ⊗ SU(2) gauge invariance of Weinberg-Salam theory. It is possible that some larger value of "d" might be consistent with (69). For example d = 5 and U(1) ⊗ SU(5) seems like a possibility since SU(5) has long been considered as a way of unifying the U(1) ⊗ SU(2) ⊗ SU(3) Standard Model. As usual we assume that the additional particles resulting from a larger "d" would have masses too large to generate with current accelerators, but such particles might be found in the future.
Finally, we should mention again that this theory would differ from EinsteinWeinberg-Salam theory if we do not assume the special case (46) where g νµ andΓ α νµ are restricted to be multiples of the identity matrix. Further work is necessary to compare this more general theory to experiment for reasonable choices of the metric definition (11).
Conclusions
The Einstein-Schrödinger theory is modified to include a cosmological constant Λ z which multiplies the symmetric metric, and by allowing the fields to be composed of 2 × 2 Hermitian matrices. The additional cosmological constant is assumed to be nearly cancelled by Schrödinger's "bare" cosmological constant Λ b which multiplies the nonsymmetric fundamental tensor, such that the total "physical" cosmological constant Λ = Λ b + Λ z matches measurement. If the symmetric part of the fields is assumed to be a multiple of the identity matrix, the theory closely approximates Einstein-Weinberg-Salam theory. The extra terms in the field equations all contain the large constant Λ b ∼ 10 63 cm −2 in the denominator, and as a result these terms are < 10 −13 of the usual terms for worst-case fields and rates of change accessible to measurement. Like EinsteinWeinberg-Salam theory, our theory is invariant under U (1) and SU (2) gauge transformations, and can be coupled to the additional fields of the Standard Model using a symmetric metric and vector potential.
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A Some properties of the Hermitianized Ricci tensor
Substituting the SU(2) gauge transformation
For the special case U = Ie −iϕ we also get the property (42) that Rνµ is invariant under a 
B Approximate solution for N νµ in terms of g νµ and f νµ
Here we invert the definitions (11,13) of g νµ and fνµ to obtain (53,54), the approximation of Nνµ in terms of g νµ and fνµ. First let us define the notation
We assume that |f ν µ| ≪ 1 for all components of the unitless fieldf ν µ, and find a solution in the form of a power series expansion inf ν µ.
For the following calculations we will treat the fields as nd × nd matrices but we will only show the tensor indices explicitly. Lowering an index on the right side of the equation (N/g) 1/2d N ⊣νµ = g µν +f µν from (14) (84)
Usingf α α = 0, the well known formula det(e M ) = exp (tr(M )), and the power series ln(1− x) = −x − x 2 /2 − x 3 /3 . . . we get [23] , ln(det(I −f )) = tr(ln(I −f )) = − 1 2 tr(f ρ σf σ ρ) + (f 3 ) . . .
Here the notation (f 3 ) refers to terms like tr(f τ αf α σf σ τ ). Taking ln(det()) on both sides of (84) using the result (85) and the identities det(sM ) = s nd det(M ) and det(M 
Taking e x on both sides of this and using e x = 1 + x + x 2 /2 . . . gives (N/g) 1/2d = 1− 1 2d(n−2) tr(f ρ σf σ ρ) + (f 3 ) . . . .
Using the power series (1−x) −1 = 1 + x + x 2 + x 3 . . ., or multiplying by (84) on the right we can calculate the inverse of (84) to get [23] (g/N ) 
Here (f 3 ) refers to terms likefναf α σf σ µ. Using (46,90,88,83) we get the result (53,54).
